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a b s t r a c t

In this study, an experimental and a theoretical study were carried out to predict the dynamic

performance of a linear magnetorheological (MR) fluid damper. After having designed and fabricated

the MR damper, its dynamic testing was performed on a mechanical type shock machine under

sinusoidal excitation. A theoretical flow analysis was done based on the Bingham plastic constitutive

model to predict the behavior of the prototyped MR damper. The theoretical results were then validated

by comparing them against experimental data, and it was shown that the flow model can accurately

capture the dynamic force range of the MR damper. In addition to the flow model, a modified

parametric algebraic model was proposed to capture the hysteretic behavior of the MR damper. The

superiority of the proposed modified model was shown by comparing it with the Alg model as well as

with a widely adopted modified Bouc–Wen model through an error analysis. It is observed that

although all the three models are comparable at the excitation velocities of 0.05, 0.10, and 0.15 m/s, the

mAlg model is remarkably successful at the highest excitation velocity of 0.2 m/s over the other two.

The improvements in the predictions were found to be over 50%, relative to unmodified model

especially at lower current inputs. Therefore, it was concluded that the present flow model can be

successfully adopted to design and predict the dynamic behavior of MR dampers, while the mAlg model

can be used to develop more effective control algorithms for such devices.

& 2010 Elsevier Ltd. All rights reserved.
1. Introduction

Magnetorheological (MR) fluids are suspensions of soft
particles, having a diameter of 1–5 mm, in a special carrier liquid
such as water, mineral oil, synthetic oil, and glycol. The essential
feature of the MR fluids is that they can reversibly change their
states from a Newtonian fluid to a semi-solid or even a solid with
controllable dynamic yield stress within a few milliseconds, when
they are subjected to a controlled magnetic field [1]. Over the past
decade, there has been an increasing interest in the MR fluids and
their engineering applications. This is likely due to the con-
trollable interface produced by the MR fluid enabling the device to
interact with a controller to continuously regulate the mechanical
output the device. MR dampers are one of the most promising
new semi-active devices for semi-active control of mechanical
vibration. These dampers have attracted very much interest of
suspension designers and researchers due to their variable
damping feature, mechanical simplicity, robustness, low power
consumption, and fast response. MR dampers are not only
advantageous in their ability to provide variable damping forces
to the suspension; they are also inherently fail-safe devices from
an electronic point of view [2]. If there was a fault in the system,
the MR damper could act as a passive damping device within
ll rights reserved.
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certain performance parameters. Potential applications of MR
dampers include the areas of automotive and aerospace industries
[3,4,5], seismic protection of bridges and buildings [6,7].

MR fluids demonstrate highly nonlinear complex behavior due to

the applied magnetic field, applied load, strain amplitude and

frequency of excitation in the dynamic conditions. A great effort has

been made to characterize the nonlinear properties of MR devices in

the literature. However, accurate models are still needed in order to

understand and predict the operational and dynamic behavior of

such devices. Although various models both in non-parametric and

parametric have been recently proposed to capture the dynamic

behavior of MR fluids and their devices, the simplest one is the

Bingham plastic model, which is a steady-state model assuming that

the fluid is in the post-yield phase and is flowing at a constant shear

rate [2,8,9,10]. However, since the magnetically active gap, through

which MR fluid flows, is relatively small compared to radius of

annulus, it is seen in the literature that the infinitely wide parallel-

plate approximation of the flow has been extensively used to

capture the dynamic behavior of MR dampers [11,12].
In the present study, a theoretical flow analysis was made in

order to predict the behavior of a field-controllable magnetorheo-

logical fluid damper. The flow analysis uses simple Bingham plastic

constitutive model for the dynamic shear stress in order to account

for non-Newtonian characteristic of the MR fluid. The theoretical

results were then validated by comparing them against the

experimental data. To do this, an MR damper was designed,

fabricated, and tested at the Applied Fluid Mechanics Laboratory
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Symbols

a Inner plug radius measured from shaft axis, displace-
ment amplitude

Ap Frontal area of the piston head
As Cross-sectional area of the shaft
b Outer plug radius measured from shaft axis
C Integral constant
D Dynamic range
Dchannel,i Inner diameter of the flow channel
Dchannel,o Outer diameter of the flow channel
Dcyl,i Inner diameter of the cylinder
Dp Diameter of the piston head
Ds Shaft diameter
F Damping force
Fcompression Damping force of the MR damper when it is in

compression mode
Fexp Measured force
Ff Friction force
Fgas Gas force
Fpre Predicted force
Frebound Damping force of the MR damper when it is in

rebound mode
g Gap of the flow channel
H Applied magnetic field intensity
I Current
K Fluid index
L Length of the flow channel
Lactive Active pole length
Ldamper Total length of the damper at its maximum extension
Linactive Inactive pole length
n Fluid index
P Pressure
Q Volume flow rate
Qp Volume flow rate displaced by the piston head

QT Total volume flow rate through the flow channel
r Radial coordinate measured from the shaft axis
R1 Inner radius of the flow channel measured from the

shaft axis
R2 Outer radius of the flow channel measured from the

shaft axis
S Maximum stroke
u(r) Velocity distribution in the flow channel
Vp Piston velocity
w Width of the flow channel
x Longitudinal coordinate
_g Shear–strain rate
DPm Viscous component of the pressure drop
DPt Field-dependent induced yield stress component of

the pressure drop
m Plastic viscosity
t Shear stress
mF Mean measured force
ty Dynamic yield stress
DP Pressure drop across annular gap
o Angular velocity

Brevities

Alg Algebraic model
mAlg Modified algebraic model
mBW Modified Bouc-Wen model

Subscripts

Alg Algebraic model
mAlg Modified algebraic model
t Time
x Displacement
_x Velocity
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(AFML), University of Sakarya. It was shown that the developed
model can accurately capture the nonlinear behavior of the MR
damper, and can be used to analyze, design and develop control
algorithms for MR dampers. One major deficiency associated with
the present flow modeling is the fact that it cannot characterize the
hysteretic behavior of the MR damper, which is the case when
hysteretic loop is relatively large. This is crucially important so as to
electronically control the vibration of a mechanical system equipped
with MR dampers. For this reason, a parametric mechanical model
[1] was adopted and modified to improve its capability of capturing
the hysteretic loop of the MR damper, and the associated parameters
were determined by the least-square method.

2. Magnetorheological fluid damper configuration

Most devices that use MR fluids can be classified as having
either fixed poles (pressure driven flow mode) or relatively
Flow( )

Applied field 

Pressure 

Fig. 1. Basic operational modes for field-controllable fluid device
moveable poles (direct-shear mode). Schematic for the two basic
operational modes are given in Fig. 1.

The hydraulic devices that use MR fluids, including dampers,
servo-valves, shock absorbers, are generally in pressure driven flow
mode while MR brakes and clutches are in direct-shear mode.
A schematic diagram for the damper used in this study is given in
Fig. 2 with its primary components. The portions denoted as A and B
in Fig. 2 are filled with MR fluids whereas the accumulator, which is
for compensating the additional volume into the chamber caused by
the movement of the piston rod, is filled with the pressurized
nitrogen gas. The MR fluid used in this study is MRF-122ED of Lord
Corporation. During the motion of the MR damper’s piston rod, fluid
flows through the annular gap opened on the piston head. Inside the
piston head, a coil is wound around the bobbin shaft with an
insulated wire. When electrical current is applied to the coil, a
magnetic field develops around the piston head. The magnetic flux
lines will look like as shown in Fig. 2.
Force

Applied field 

s: (a) pressure driven flow mode and (b) direct-shear mode.
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Piston rod Annular gap Magnetic flux lines

Cylinder MR fluid

Coil

Accumulator piston 

A B

Accumulator 

Fig. 2. Cross-sectional view of the prototyped damper, SAUMRD002.

Plug region

Centerline of the damper

Fig. 3. Stress and velocity profiles across annular duct.
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All components of the MR damper are made from stainless
steel. However, the piston head is made from austenitic stainless
steel due to its poor magnetic properties to minimize the loss of
magnetic flux. Special PTFE-based bearing materials are used to
minimize the friction forces in the piston head, shaft bearing and
accumulator piston. A wiper-type dynamic shaft seal is used to
ensure the fluid is constrained inside the cylinder.

The magnetically induced iron particles inside the MR fluid
arrays in the direction of the magnetic flux lines to resist the flow,
thus generating a damping force. The mechanical energy required
to yield this chain-like structure increases as the applied field
increases resulting in a field-dependent yield stress. Therefore,
the behavior of MR fluid is often represented as Bingham plastic
having a variable yield stress. The Bingham plastic model is
given by

t¼ tyðHÞsgn
du

dr

� �
þmdu

dr
9t949ty9 ð1Þ

du

dr
¼ 0 9t9o9ty9 ð2Þ

where t is the shear stress, ty is the dynamic yield stress, H is the
applied magnetic field intensity, du/dr is the shear–strain rate,
and m is the plastic viscosity of the MR fluid. However, true MR
fluid behavior exhibits some departures from Bingham plastic
model. One and may be the most significant of these departures
involves the non-Newtonian behavior of the MR fluid in the
presence of an applied field. Still, if used properly, Eqs. (1) and (2)
work well for the preliminary design of MR dampers as well as
other MR fluid devices. Additional design considerations are
available in the literature such as [2].
3. Quasi-static analysis of flow in the MR damper

Several methods have been proposed in the literature to model
the flow inside an MR damper. In this section, the quasi-static
axisymmetric model, which was firstly suggested by Gavin et al.
[13] and later successfully used by Yang et al. [14] in their study
where they compared the model with both a simple parallel-plate
model and experimental results, is utilized. The quasi-static
analysis is based on the following assumptions: (1) MR damper
moves at a constant velocity, (2) the flow is fully developed in the
annular gap, and (3) a simple Bingham plastic model can be
applied to describe the MR fluid behavior.

The Bingham plastic model considers a dynamic yield stress,
below which the fluid acts like a rigid body. This region is referred
as plug region. In the plug region (also called as core or pre-yield
region), the local shear stresses have not yet exceeded the
dynamic yield stress thus the fluid does not shear, but moves
like a solid body. When the local shear stresses exceed the
dynamic yield stress, then the fluid acts like a viscous fluid. These
regions are called as post-yield region. The pre- and post-yield
regions are shown in Fig. 3 with the stress and velocity profiles. As
shown in Fig. 3, the velocity profile is divided into three regions:
Region I, II and III. Region I and III denote the post-yield regions,
whereas region II denotes the pre-yield region.

Following additional assumptions are made to model the flow
through the annulus properly: (1) The flow is steady and
incompressible, (2) the flow is fully developed and laminar, (3)
the velocity field is axisymmetric with no swirl, implying that
uy¼0 and all partial derivatives with respect to y are zero, (4) a
constant pressure gradient, dP/dx is applied in the x-direction
such that pressure changes linearly with respect to x, (5)
gravitational effects are ignored, and (6) the flow is only in the
x-direction; implying that ur¼0 and all partial derivatives with
respect to r are zero. Simplifying the continuity and the Navier–
Stokes equations in cylindrical coordinates with respect to the
above assumptions yields

1

m
@P

@x
¼

1

r

@

@r
r
@ux

@r

� �
ð3Þ

Recalling that trx ¼�m @ux

@r in laminar flow, Eq. (3) can be
rearranged as

dðtrxUrÞ

dr
¼

dP

dx
r ð4Þ

The assumption of steady flow may be questionable if the flow
is high-frequency oscillatory or unsteady. In such a case, inertial
terms in the Navier–Stokes equations should be taken into
account conveniently. Integrating Eq. (4) once with respect to r

and solving for trx gives

trx ¼
1

2

dP

dx
rþ

C1

r
ð5Þ
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Fig. 4. Free-body diagram of a ring-shaped differential fluid element of thickness

b–a and length dx.
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Bingham plastic model describes the yield stress as in Eqs. (1) and
(2). Because of their different natures, each region in Fig. 3 should be
evaluated separately. In region I, the shear stress in given by

trxðrÞ ¼ tyþm
duðrÞ

dr
ðdu=dr40, and thus sgnðdu=drÞ ¼ 1Þ ð6Þ

Substituting Eq. (6) into Eq. (5) gives

tyþm
duðrÞ

dr
¼

1

2

dP

dx
rþ

C1

r
ð7Þ

rearranging

duðrÞ

dr
¼

1

2m
dP

dx
rþ

C1

m
1

r
�
ty

m ð8Þ

integrating once with respect to r

uðrÞ ¼
1

4m
dP

dx
r2þ

C1

m lnðrÞ�
ty

m rþC2 ð9Þ

where C1 and C2 are the integral constants which can be
determined by the boundary conditions in region I. Boundary
conditions for each region are listed in Table 1.

One can conclude with

uðrÞ ¼�
1

4m
dP

dx
ðR2

1�r2Þþ
C1

m ln
r

R1

� �
�
ty

m ðr�R1Þ�Vp; R1rrra ð10Þ

by applying the boundary condition given for region I. In region
III, the shear stress in given by

trxðrÞ ¼�tyþm
duðrÞ

dr
ðdu=dro0, and thus sgn ðdu=drÞ ¼�1Þ

ð11Þ

In a similar fashion as we did for region I, one can end up with

uðrÞ ¼�
1

4m
dP

dx
ðR2

2�r2Þþ
C1

m ln
r

R2

� �
�
ty

m ðR2�rÞ�Vp; brrrR2

ð12Þ

for region III. It is evident from Fig. 3 that duðrÞ=dr¼ 0 across the
plug region, thus u(r¼a)must be equal to u(r¼b), which yields

�
1

4m
dP

dx
ðR2

1�a2Þþ
C1

m ln
a

R1

� �
�
ty

m ða�R1Þ�Vp

¼�
1

4m
dP

dx
ðR2

2�r2Þþ
C1

m
ln

r

R2

� �
�
ty

m
ðR2�rÞ�Vp

ð13Þ

or

dP

dx
¼

4

R2
1�R2

2þb2�a2
D1ln

a

b

R2

R1

� �
þtyðR1þR2�a�bÞ

� �
ð14Þ

The shear stresses at each boundary of the plug are equal to
the yield stress of the MR fluid and can be expressed as
trx(r¼a)¼ty and trx(r¼b)¼�ty. Thus,

1

2

dP

dx
aþ

C1

a
¼�

1

2

dP

dx
b�

C1

b
ð15Þ

or

C1 ¼�
ab

2

dP

dx
ð16Þ
Table 1
List of boundary conditions.

Regions Boundary conditions

R1rrra

Region I u (R1)¼–Vp, duðaÞ
dr ¼ 0

Region II u(a)¼u(b)

brrrR2

Region III u (R2)¼�Vp, duðbÞ
dr ¼ 0
Now consider a differential fluid element of thickness b�a,
length dx as shown in Fig. 4. A force balance on the volume
element in the flow direction gives

dP

dx
pðb2�a2Þdxþ2ptyðbþaÞdx¼ 0 ð17Þ

or

dP

dx
¼�

2ty

b�a
ð18Þ

C1 can be determined by substituting Eq. (18) into Eq. (16) as

C1 ¼
abty

b�a
ð19Þ

The law of conservation of mass requires that the total volume
flow rate through the annular gap must be equal to the
summation of the volume flow rates through the three regions:
Region I, II and III. Once the velocity profiles at each of the three
regions are known, the total volume flow rate can be determined
from

QT ¼ 2p
Ra
R1

�
1

4m
dP

dx
ðR2

1�r2Þþ
C1

m ln
r

R1

� �
�
ty

m ðr�R1Þ�Vp

� �
rdr

þ2p
R b

a �
1

4m
dP

dx
ðR2

2�b2Þþ
C1

m
ln

b

R2

� �
�
ty

m
ðR2�bÞ�Vp

� �
rdr

þ2p
R R2

b �
1

4m
dP

dx
ðR2

2�r2Þþ
C1

m ln
r

R2

� �
�
ty

m ðR2�rÞ�Vp

� �
rdr

ð20Þ

On the other hand, by definition, the total volume flow rate
through the annuli must be equal to the volume flow rate
displaced by the piston head, Qp¼(Ap�As)Vp. Thus, we have

Q a,bð Þ�Qp ¼ 0 ð21Þ

There are two unknowns, a and b, but we have only one
equation, Eq. (21), at hand. The second equation comes from the
substitution of Eq. (18) into Eq. (14)

4

R2
1�R2

2þb2�a2
C1ln

a

b

R2

R1

� �
þtyðR1þR2�a�bÞ

� �
þ

2ty

b�a
¼ 0 ð22Þ

The Newton–Raphson method is employed to solve the
resulting nonlinear system of these two algebraic equations,
Eqs. (21) and (22), to determine a and b. Once a and b have been
determined the pressure gradient can be determined from
Eq. (18). Hence, the pressure drop due to the field-dependent
yield stress can be calculated from

DPt ¼�
dP

dx
Lactive ð23Þ

where Lactive is the active pole length exposed magnetic field.
Now, the damping force of the MR damper can be determined
from

Frebound ¼� DPt Ap�As

� �
þFf þFgas

� �
ð24Þ

Fcompression ¼DPt ApþFf þFgas ð25Þ
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Table 2
Technical specifications of SAUMRD002.

Parameter Value Unit

Damping force, F 200–2000 N

Operating current, I 0–2 A

Yield strength, ty 5750–23500 Pa

Plastic viscosity, m 0.07 Pa s

Piston velocity, Vp 0–0.2 m/s

Piston diameter, Dp 0.039 m

Shaft diameter, Ds 0.010 m

Maximum stroke, S 0.055 m

Inner diameter of the cylinder, Dcyl,i 0.040 m

Gap of the flow channel, g 0.0004 m

Length of the flow channel, L 0.020 m

Active pole length, Lactive 0.008 m

Outer diameter of the flow channel, Dchannel,o 0.032 m

Inner diameter of the flow channel, Dchannel,i 0.03102 m

Total length of the damper at its maximum extension 0.27 m

Fig. 5. Photograph of the test set-up.
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Note that the damping force of the MR damper varies
according to its motion, whether it is in rebound or compression
mode.

3.1. Special case: No magnetic field

So far we have performed calculations for the flow of MR fluid
induced by a magnetic field. However, in the regions of inactive
magnetic field, the regions particularly adjacent to the winding
where ty¼0, MR fluid exhibits a Newtonian like behavior and
thus should be evaluated separately. The shear stress across an
annular gap was given by Eq. (5). Integrating Eq. (5) with respect
to r gives

uðrÞ ¼
1

4m
dP

dx
r2þ

C1

m ln rþC2 ð26Þ

C1 and C2 can be determined from the boundary conditions: At
r¼R1 u¼�Vp and at r¼R2 u¼�Vp. Once the velocity profile is
known, one can calculate the total volume flow rate through the
flow channel from

QT ¼ 2p
Z R2

R1

uðrÞr dr ð27Þ

Recall that the total volume flow rate through the annuli must
be equal to the volume flow rate displaced by the piston head,
Qp¼(Ap�As)Vp. Therefore,

QT�Qp ¼ 0 ð28Þ

One can solve Eq. (28) for dP/dx and use it to determine the
pressure drop due to the viscous effects only as

DPm ¼�
dP

dx
Linactive ð29Þ

And thus the damping force

Frebound ¼� DPm Ap�As

� �
þFf þFgas

� �
ð30Þ

Fcompression ¼DPm ApþFf þFgas ð31Þ

where Linactive¼L�Lactive. Note that for the case of zero magnetic
field Linactive is equal to L.
4. Experimental study

4.1. Test set-up

The MR damper is subjected to sinusoidal excitations on a
mechanical scotch-yoke type damper dynamometer to validate
the models. The primary components of the test set-up are shown
in Fig. 5. The shock machine has its own software to collect the
data from the data card and use them to plot force vs. time, force
vs. displacement and force vs. velocity graphs for each test.
A programmable ‘‘GWinstek PPE 3223’’ power supply is used to
feed current to the MR damper. The machine also has an IR
temperature sensor to read the temperature data during the tests.
The damper is fixed to the machine via grippers as shown in the
Fig. 5. The machine excites the damper’s piston rod sinusoidally,
while a load cell of 22 kN measures the force on the damper and a
linear variable displacement transducer (LVDT) measures the
displacement of the piston rod as well as the relative velocity
between the two ends of the damper.

4.2. Test procedure and conditions

A series of tests is conducted to determine the dynamic
response of the damper by varying the applied current from 0 to
2 A in increments of 0.2 A, while maintaining the frequency at
constant levels of 0.63, 1.27, 1.90 and 2.54 Hz, respectively. The
technical specifications of the test damper are given in Table 2.
5. Test results and validation of the proposed model

5.1. Test results

Fig. 6 represents the force vs. velocity and force vs.
displacement plots for an oscillation frequency of 2.54 at a
displacement amplitude of 12.5 mm. Similar test results were
observed for other frequencies as well. The gas and friction forces
measured to be approximately 60 and 110 N, respectively. As can
be seen from Fig. 6, the lowest damping force which is only due to
the viscous forces occurs at zero current input, and the damping
force increases with increasing current inputs. It is clear from
Fig. 6 that the controllable damping forces can easily be acquired
by changing the electric current input. This implies that an MR
damper can be viewed as a versatile device in the sense that it can
provide infinitely variable load cycles within a specified dynamic
operating range compared to a classical dashpot.

For an MR damper the increase in the damping force due to
applied current is not unlimited. A careful look at Fig. 6 reveals
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that this increase decays gradually as the applied current
increases, especially, to its high values, which is illustrated by
Figs. 7 and 8 for convenience. One can observe from Fig. 7 that the
variation in force levels off in the vicinity of 2 A. In Fig. 8, the plot
of the derivative of force with respect to current (dF/dI) versus
current is sketched in order to depict the susceptibility of the
damping force to the applied current. It is clear from Fig. 8 that
the damping force increases with the applied current to reach its
peak value around 0.5 A and then decreases asymptotically. This
is due to the fact that the MR fluid is magnetically saturated
within a certain range of magnetic field. This phenomenon is of
critical importance in design considerations of an MR damper and
should be taken into account properly for determination of the
best efficient operating range of the damper. Also, operating at
higher current inputs may cause the temperature of the coil wire
to rise, which is not desired.
5.2. Validation of the theoretical flow model

In this section the fluid dynamics model has been verified by
comparing the model results with the experimental data.
Comparisons between the model and experimental values are
presented in Fig. 9. It is observed that the predicted values with
the fluid dynamics model agree well with the measured values,
except in the hysteretic region seen in the force vs. velocity plot.
One can infer from Fig. 9a that as the current input increases, the
local slopes of the force vs. velocity curves increase. This can be
attributed to the fact that the apparent viscosity of the MR fluid
changes with shear–strain rate leading to shear-thinning or -
thickening behavior of the MR fluid. The Bingham plastic model
used in this study does not account for such behavior assumming
the plastic viscosity to be constant. However, the Herschel–
Buckley constitutive model with t¼ tyþK _gn, where ty is the yield
stress of the MR fluid, _g is the deformation rate, and K and n are
the consistency and flow indexes both of which are determined
experimentally, can be used to predict this characteristic of MR
fluids [12,15]. Further studies on shear-thinning or -thickening
behaviors of MR fluids can be found in the literature, such as [15].

There is also another fluid mechanics model called as Biviscous
model to simulate the force response of the MR damper. In this
model, the damping behavior is due to leakage, defined as a
second path of Newtonian flow in addition to the Bingham plastic
flow through an ER/MR valve. Leakage is typically introduced
to smooth the force response of the damper as the damper
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undergoes transitions through the low velocities, whereas in the
absence of leakage ER/MR dampers usually exhibit a high-
frequency chatter in their force response [16]. As can be seen
from Fig. 9a, Bingham Plastic model like other fluid mechanics
based models such as Herschel–Bulkley and Biviscous cannot
describe the hysteretic behavior of MR dampers. Nevertheless
Bingham Plastic model can still be successfully adopted to predict
the dynamic operating range of MR dampers owing to its
simplicity. The total area enclosed in force vs. displacement
curves represents the energy dissipated by an MR damper. It is
clear from Fig. 9b that higher applied magnetic field will result in
higher energy dissipation.

5.3. Modeling the hysteretic behavior of MR damper

The dislocation movement and plastic slipping among mole-
cular chains or crystal lattices consume energy such that the
restoring force of an MR damper always delays the input
displacement or velocity. This phenomenon of energy dissipation
is generally referred to as hysteresis. Different models have
been studied in the literature to describe the hysteretic behavior
of MR dampers. These models can be classified into two main
categories as quasi-static flow models and dynamic models. While
the quasi-static flow models can be successfully adapted to design
MR dampers, they unfortunately fail to capture the dynamic
operational behavior of these dampers. That is, a quasi-static flow
model such as Bingham plastic model can describe the force–
displacement range of an MR damper effectively in the pre-
liminary design process; however, it is not capable of describing
the highly hysteretic force–velocity characteristic, which is, in
fact, of crucial importance for a successful control performance of
the damper. Therefore, a dynamic hysteresis model is needed to
simulate the hysteresis phenomenon of MR dampers. To this end,
various models have been proposed in the literature such as
parametric viscoelastic-plastic model based on the Bingham
model [9], the Bouc–Wen model [17], non-parametric models
[18], and many more. In this study, the model used by Guo and
Hu[1] to define an additional nonlinear stiffness is exploited and
modified to give more accurate results. The model is given by

FðtÞ ¼ f0þCb _xðtÞþ
2

p fytan�1 k _xðtÞ� _x0sgn €xðtÞð Þ
� 	
 �

ð32Þ

where F represents the damping force of the MR damper, f0 the
preload of the nitrogen accumulator, Cb the coefficient of viscous
damping, fy the yielding force, k the shape coefficient, _x0 the
hysteretic velocity, _x and €x the excitation velocity and accelera-
tion of the piston in the damper, respectively. This mathematical
model is developed based on some physical phenomena. While
the first term is to represent the preload force of the pressurized
nitrogen gas in the accumulator, the second term is to describe
the viscous force of the damper and the third one is to reflect the
observed hysteretic behavior, respectively. The mathematical
descriptions of the first two terms come from classical mechanics,
whereas of the third one is developed based on the definition of a
trigonometric arctangent function which best resembles the
characteristic force–velocity curve of the damper. Further, the
two terms in the braces of the arctangent function are to account
for the lag in the force response to a sinusoidal excitation.

In the model xðtÞ ¼ asin ðotÞ, _xðtÞ ¼ ao cos ðotÞ, and
€xðtÞ ¼�ao2 sinðotÞ where a is the displacement amplitude and
o is the angular velocity. In Eq. (32), f0, Cb, fy, k, and _x0 are the
unknown parameters and to be determined on the basis of
experimental data by using least-square curve fitting method.

It is observed that there is a general good agreement between
the estimated and measured values except at lower current
inputs, i.e. 0 and 0.2 A of the highest excitation velocity of 0.2 m/s
(Fig. 10). We have reasoned that this could be presumably due to
the fluid inertial force, which becomes more significant at lower
current inputs compared to induced yield stress force, as the
excitation acceleration increases. Starting from this point, we
modified the model given by Eq. (32) by adding an inertial force
term in order to improve the agreement

FðtÞ ¼ f0þCb _xðtÞþ
2

p fytan�1 k _xðtÞ� _x0sgn €xðtÞð Þ
� 	
 �

þm €xðtÞ ð33Þ

where m represents the virtual mass which has to be determined
based on the experimental data. It is obvious from Fig. 11 that
the proposed modified algebraic model (mAlg) removed the
disagreement at the mention lower current input region. Model
parameter estimates are given in Table 3.

Fig. 12 represents the velocity (0–0.2 m/s) averaged variation
of model parameters with the applied current for mAlg model.
Each parameter in Eqs. (32) and (33) has an effect on the shape of
the curve such that f0 slides the curve up or down maintaining the
shape of the whole curve, fy controls the dynamic force range, Cb

controls the slope of the whole curve, whereas k and _x0 controls
the slope and the span of the low velocity hysteresis loop,
respectively. In addition to these parameters, m controls the span
of the high velocity hysteresis loop.
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Under these considerations, one can reveal that there is direct
correlation between the model parameters and the experimental
data by comparing Fig. 12 against Fig. 6a. It should be noted that a
small change in the parameters may correspond to relatively large
changes in the experimental data. For instance, one can expect fy

to increase with the current input since the dynamic damping
force of the MR damper increases with the applied current. A
closer look at Fig. 12 will indicate that it really does. The variation
in all other parameters can be validated in a similar fashion.

More emphasis should be made on the additional parameter m

as it enhanced the success of the model. As discussed previously,
m controls the span of the high velocity hysteresis loop. It can be
seen from Fig. 6a, the span of the high velocity hysteresis loop
decreases with the applied current. Now, a careful look at Fig. 12
will reveal that m decreases with the current input as well, which
agrees with our expectation.

Also, it can be deduced from the Fig. 12 that the variation in
the model parameters levels off as the applied current approached
its maximum value 2 A, as discussed in the previous sections.

In addition to graphical comparison of the mAlg model with
the Alg model, we intend to compare these two models with also
a previously suggested modified Bouc–Wen’s (mBW) model
through an error analysis in order to better reveal the success of
the mAlg model. One of the earliest models that have been
extensively used in modeling dynamic behavior of hysteretic
systems is the standard Bouc–Wen model, which is extremely
versatile and can exhibit a wide variety of hysteretic behavior.
However, the nonlinear force–velocity response of the Bouc–Wen
model does not roll-off in the region where the acceleration and
velocity have opposite signs and the magnitudes of the velocities
are small, Spencer et al. [16] proposed a modified version of the
Bouc–Wen model in order to predict the dynamic behavior of the
MR damper in this region to enhance the success of the model.
The modified Bouc–Wen model was given by

F ¼ azþc0ð _x� _yÞþk0ðx�yÞþk1ðx�x0Þ ð34Þ

where the evolutionary variable z is governed by

_z ¼�g9 _x� _y99z99z9n�1
�bð _x� _yÞ9z9n

þAð _x� _yÞ ð35Þ

where

_y ¼
1

ðc0þc1Þ
azþc0 _xþk0ðx�yÞ

 �

ð36Þ

In this modified model, the accumulator stiffness is repre-
sented by k1 and the viscous damping observed at larger velocities
is represented by c0. A dashpot, represented by c1, is included in
the model to produce the roll-off that was observed in the
experimental data at low velocities, k0 is present to control the
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Table 3
Parameter estimates for mAlg model.

V(m/s) Parameters Applied current, I (A) (mAlg)

0 0.2 0.4 0.6 0.8 1 1.5 2

0.05 Cb 3427.4 3685.1 4459.2 5520.5 5788.3 6086.3 5900.3 6859.4

f0 �42.1 �36.7 �34 �35.3 �34 �31.9 �28.3 �27.3

fy 8.4 15.5 22.5 25 27.5 28.9 31.5 32.1

k 428.4 433.9 334.5 326.3 293.4 288.3 244 266.4

m 55.3 48.8 30.6 22.3 1 12.5 �33.4 �75.3
_x0 0.0019 0.0006 0.0017 0.0021 0.0023 0.0024 0.003 0.0033

0.1 Cb 3264 3242.8 3470.7 3567.7 3721 3982.2 4325 4384.8

f0 18.3 23.3 22.7 16.2 15.7 12.6 13.6 13.9

fy 11.3 19.5 25.1 28.4 30.6 31.5 33.7 35.1

k 243.4 164.3 149.4 133.2 130.8 134.9 128.3 131.5

m 7.7 6.9 6 �1.8 �4.3 �5.1 �12.1 �13.3
_x0 0.0062 0.0053 0.006 0.0072 0.0075 0.0078 0.0087 0.0106

0.15 Cb 3264 3211.8 3235.8 3284 3391.3 3479.4 3590.6 3627.7

f0 �32.5 �31.5 �33.8 �32.7 �35 �34.8 �37.3 �36.2

fy 11.3 19.6 26.3 29.5 31.9 33.5 35.8 37.2

k 243.4 107.5 92.8 83.5 80.8 80.1 83.5 82.7

m 7.7 �3.4 �5.7 �7.2 �9.6 �12.7 �14.6 �17.3
_x0 0.0062 0.0051 0.0069 0.008 0.0094 0.0093 0.0108 0.0114

0.2 Cb 3175.6 2996.8 2930.4 2872.7 2824.5 2818 2915.7 2847.2

f0 �54.5 �47.7 �48.2 �45.4 �48.9 �50.8 �52.9 �52.2

fy 11.6 19.8 26.2 30.2 33.1 34.6 37 38.7

k 108 75.3 67 60.8 55.6 57.2 56.1 53.7

m �0.7 �2 �3.2 �5.6 �8.6 �8.2 �10.7 �12.5
_x0 0.0078 0.0097 0.0111 0.0127 0.0137 0.0142 0.0154 0.0171
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Fig. 13. . The modified Bouc-Wen model for the MR damper.
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stiffness at large velocities and x0 is the initial displacement of
spring k1 associated with the nominal damper force due to the
accumulator. A schematic for the model is given in Fig. 13.

For all of the models, the error between the predicted force and
the measured force was calculated as a function of time,
displacement and velocity over a complete period. The following
expressions were used to represent the errors [17]

Et ¼
et

sF
, Ex ¼

ex

sF
, E _x ¼

e _x
sF

ð37Þ

where

e2
t ¼

Z T

0
Fexp�Fpre

� �2
dt ð38Þ

e2
x ¼

Z T

0
Fexp�Fpre

� �2 dx

dt

����
����dt ð39Þ
e2
_x ¼

Z T

0
Fexp�Fpre

� �2 d _x

dt

����
����dt ð40Þ

s2
F ¼

Z T

0
Fexp�mF

� �2
dt ð41Þ

The resulting normalized errors are presented in Table 4.
It is seen that although all the three models are equivalent at

the excitation velocities of 0.05, 0.10, and 0.15 m/s, mAlg model is
remarkably successful at the highest excitation velocity of
0.2 m/s. This is presumably due to effect of the added inertial
term to the Alg model because the inertial forces are dominant as
the excitation acceleration is increased. Also if we focus on the
highest excitation velocity, when comparing the Alg model and
mAlg model, one can note that as the current inputs increases the
error differences between the Alg model and the mAlg model
decreases. This can be attributed to the fact that the viscous forces
and thus inertial force effects are getting less dominant with the
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Table 4
Error norms for each model.

V (m/s) 0.05 0.10 0.15 0.20

I (A) Et Ex E _x Et Ex E _x Et Ex E _x Et Ex E _x

Model

mBW
0.0 0.019 0.003 0.007 0.018 0.004 0.014 0.018 0.005 0.020 0.021 0.007 0.029

0.2 0.041 0.004 0.018 0.025 0.004 0.021 0.018 0.004 0.022 0.020 0.006 0.031

0.4 0.044 0.005 0.019 0.023 0.004 0.019 0.021 0.004 0.025 0.023 0.006 0.038

0.6 0.049 0.005 0.021 0.022 0.003 0.019 0.022 0.005 0.026 0.026 0.007 0.041

0.8 0.028 0.003 0.013 0.023 0.004 0.020 0.021 0.005 0.027 0.026 0.007 0.042

1.0 0.030 0.003 0.013 0.022 0.003 0.019 0.022 0.005 0.027 0.026 0.007 0.042

1.5 0.030 0.003 0.013 0.021 0.003 0.018 0.021 0.004 0.027 0.025 0.006 0.042

2.0 0.028 0.003 0.012 0.021 0.004 0.018 0.022 0.004 0.027 0.026 0.007 0.043

Average 0.034 0.004 0.015 0.022 0.004 0.019 0.021 0.005 0.025 0.024 0.007 0.038

Alg
0.0 0.056 0.007 0.023 0.031 0.006 0.025 0.024 0.006 0.029 0.028 0.009 0.042

0.2 0.035 0.005 0.015 0.020 0.004 0.016 0.016 0.004 0.018 0.021 0.007 0.032

0.4 0.029 0.004 0.012 0.019 0.003 0.017 0.018 0.004 0.022 0.022 0.006 0.034

0.6 0.029 0.004 0.013 0.022 0.003 0.019 0.020 0.004 0.025 0.024 0.006 0.039

0.8 0.029 0.003 0.013 0.023 0.003 0.020 0.020 0.004 0.025 0.025 0.007 0.040

1.0 0.030 0.003 0.014 0.024 0.003 0.021 0.022 0.004 0.028 0.026 0.007 0.042

1.5 0.031 0.003 0.014 0.024 0.003 0.021 0.023 0.004 0.030 0.027 0.007 0.044

2.0 0.031 0.003 0.014 0.023 0.004 0.021 0.024 0.005 0.032 0.027 0.007 0.046

Average 0.034 0.004 0.015 0.023 0.004 0.020 0.021 0.005 0.026 0.025 0.007 0.040

mAlg (This study)
0.0 0.035 0.004 0.014 0.018 0.003 0.023 0.017 0.004 0.019 0.015 0.005 0.022

0.2 0.034 0.004 0.025 0.022 0.003 0.024 0.020 0.003 0.022 0.013 0.004 0.025

0.4 0.035 0.004 0.020 0.020 0.003 0.026 0.021 0.003 0.020 0.014 0.004 0.022

0.6 0.035 0.004 0.021 0.022 0.004 0.024 0.020 0.004 0.024 0.015 0.004 0.024

0.8 0.035 0.004 0.020 0.023 0.004 0.026 0.022 0.004 0.026 0.015 0.004 0.024

1.0 0.033 0.004 0.021 0.023 0.004 0.027 0.019 0.004 0.021 0.017 0.004 0.025

1.5 0.034 0.004 0.019 0.021 0.004 0.026 0.022 0.004 0.025 0.017 0.004 0.026

2.0 0.035 0.004 0.019 0.023 0.004 0.028 0.023 0.004 0.025 0.017 0.004 0.025

Average 0.035 0.004 0.020 0.022 0.003 0.026 0.021 0.004 0.023 0.016 0.004 0.024
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increased current inputs. This actually agrees with our intuitions
since we added an inertial term to modify the model to account
for the inertial effects of the MR fluid.

Apart from its high accuracy, mAlg model is also more
preferable in terms of its low computational expenses compared
to differential modified Bouc–Wen’s model which is highly
computationally demanding. It is hoped that the present
improved model will aid to develop more effective control
strategies and algorithms for MR dampers.
6. Conclusions

An experimental and a theoretical analysis were conducted to
model the dynamic behavior of an MR damper. To this end, an MR
damper was designed, manufactured and tested on a conventional
shock machine. A flow analysis of an MR damper was done based on
the Bingham plastic constitutive model and the prediction results was
compared against the test data. The comparisons showed that there
was a very good agreement between the flow model and test results.
Therefore, it was concluded that the Bingham plastic model could
satisfactorily predict the operational force range of the MR damper.
However, this model was found to be not capable of capturing the
inherent hysteretic behavior of the MR damper, which is of crucial
importance for a successful control performance. For this reason, an
algebraic model (Alg), which we have modified by adding an inertial
force term (mAlg), was employed to describe the hysteretic behavior
of the MR damper. The unmodified and modified forms of the
algebraic model, which are parametric in nature, were compared with
the experimental data. It was shown that the mAlg model reduced the
errors associated with force vs. time, force vs. velocity and force vs.
displacement characteristics remarkably. Then, in order to better
reveal the success of the mAlg model, Alg model, mAlg model, and a
previously suggested modified Bouc–Wen’s (mBW) model were
compared through a quantitative error analysis. It was seen that
although all three models are equivalent at the excitation velocities of
0.05, 0.10, and 0.15 m/s, mAlg model is remarkably successful at the
highest excitation velocity of 0.2 m/s. This is presumably due to effect
of the added inertial term to the Alg model because the inertial forces
are dominant as the excitation acceleration is increased. And, when
comparing Alg and mAlg models, the reductions in errors were found
to be over 50% especially for low currents rated at the highest
excitation velocity of 0.2 m/s. This is presumably attributed to the fact
that the inertial forces become more comparable to the induced yield
force at lower current inputs as the excitation acceleration is
increased. The effect of the inertial force vanishes at high current
inputs since the induced yield forces are dominated with the increase
in the current input, as expected.

It was deduced that the proposed mAlg model could overcome
the shortcomings of the original Alg model and it can successfully
be employed to describe the hysteretic behavior of the MR
damper so as to develop effective control algorithms due to its
high accuracy, low computational expenses compared to a
traditionally widely adopted modified Bouc–Wen’s model, which
is computationally highly demanding.
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